In optimal design of thick-walled cylinders, there are two main objectives to be achieved: increasing its strength-weight ratio and extending its fatigue life. This can be achieved by autofrettage where a residual stress field is generated in the cylinder wall prior to use. An analytical autofrettage procedure of a thick-walled cylinder is proposed, with the aim of predicting the required autofrettage pressure for various levels of allowable pressure and hence achieving maximum fatigue life. A Finite Element Method (FEM) validation is provided. The results reveal three scenarios in the design of thick-walled cylinders. For maximum load carrying capacity, non-autofrettage is suitable when, in service, the whole wall thickness will be yielded. Full autofrettage is suitable when, during subsequent operation, yielding is limited at the inner surface. Optimum autofrettage of the cylinder is suitable if a minimum equivalent stress and maximum fatigue life are to be achieved. The analytical solutions compared satisfactorily to the numerical results where a very good correlation in form and magnitude was obtained.
I. INTRODUCTION
Thick-walled cylinders are widely used as critical components in pneumatic and hydraulic systems and as storage and processing vessels. These components require a strict analysis for optimum design to ensure reliable and safe operational performance. The increasing scarcity of materials and higher costs has attracted researchers to the elastic-plastic approach which offers more efficient use of materials [1] , [2] . Autofrettage is a common process of generating residual stresses in the walls of thick-walled cylinders prior to use. A pressure, large enough to cause yielding within the wall, is applied to the inner wall of the cylinder and then removed. Upon release of this pressure, a compressive residual circumferential stress is developed to a certain radial depth at the bore. These residual stresses serve to reduce the tensile stresses developed as a result of subsequent application of an operating pressure, thus increasing the load bearing capacity [3] , [4] . Using the Tresca yield criteria together with an autofrettage level parameter, a precise solution for residual stress is developed. The main objective of the study is to find autofrettage pressurizing Manuscript levels when certain operating limiting conditions are set. In this study, an analytical solution and numerical FEM verification are carried out to investigate the above goal. The results could contribute to a better understanding of the role autofrettage plays in providing strength and performance of pressure vessels.
The mechanics and design limitations of autofrettage can be traced to early works by Fraupel [5] and then in a later study by Varga [6] who considered optimum design and showed it to be a function of the diameter ratio and the strength of the material. Another comprehensive study on autofrettage of thick cylinders was carried out by Ruilin Zhu and Jinlai Yang [7] who presented an analytical equation for the optimum radius of the elastic-plastic juncture, and the influence of autofrettage on the stress distribution and load bearing capacity of a cylinder.
II. CYLINDER SUBJECTED TO INTERNAL PRESSURE
For a closed cylinder subjected to an internal pressure, P i , the radial stress, circumferential stress and axial stress distributions are, respectively, given by Lame's formulation, Using Tresca yield theory, yielding occurs when the equivalent stress is [8] ,
Two pressure limits, P Y,i and P Y,o, are considered, to correspond to the internal pressure required to commence yielding of the inner surface of the cylinder, and to cause the wall thickness to yield completely. According to Tresca yield strength criterion, these pressures are [1] , [9] , [10] ,
and for P Y,o ,
Equations (5) and (6) are the inner and outer surface pressure limits, respectively. The effect of these pressure limits pressure limits with k are shown in Fig. 1 .
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Noraziah Wahi, Amran Ayob and M Kabashi Elbasheer III. RESIDUAL STRESSES If the autofrettage pressure is removed after part of the cylinder thickness has become plastic, a residual stress is set up in the wall. Assuming that during unloading the material behaves linearly, the radial, hoop and longitudinal residual stresses can be obtained from [11] , For the plastic region,
For the elastic region, r a ≤ r ≤ r o , the respective residual stresses are,
where i a r r m = By substituting r = r a , the residual stresses at the junction radius r a is obtained,
On application of the operating pressure, the resultant stress of the autofrettaged cylinder is the summation of the residual stress and the stress due to the operating pressure, i.e.,
The above resultant stress distributions (in solid lines) in the wall of the cylinder are plotted and shown in Fig. 6 .
IV. OPTIMUM AUTOFRETTAGE PRESSURE
During autofrettage, the cylinder has been yielded to the elastic-plastic junction radius, r a . When the cylinder is then subjected to an internal operating pressure, the resultant Tresca equivalent stress is, from (9a), (9b) and (9c), 
from which the optimum autofrettage radius r a,opt can be calculated. Minimizing the above Tresca stress gives,
For a given operating pressure, if the autofrettage pressure P a is increased, the maximum resultant equivalent stress on an elastic-plastic junction radius will decrease, up to a value, after which the maximum total equivalent stress will increase again. The value of autofrettage pressure which gives rise to the minimum of the maximum equivalent stress on the elastic-plastic junction radius, is termed optimum autofrettage pressure P a,opt . The plot for (11) is shown graphically in Fig. 2 . The optimum autofrettage radius is unique for a given internal operating pressure. The present paper describes the procedure in determining the optimum autofrettage pressure and subsequent pressure limits. The internal pressure to cause yielding to a radial depth of r is,
From (12) 
From (12), (13) and (14), the optimum autofrettage pressure and radius increase exponentially with operating pressure.
V. AUTOFRETTAGED CYLINDER SUBJECTED TO
OPERATING PRESSURE For a cylinder treated with partial autofrettage, the subsequent internal pressure to cause the inner surface to yield again can be obtained by substituting (1), (2) and (8) into (10) . When r = r i , the internal pressure to cause yielding at the inner surface is,
and when r = r o , by substituting (1), (2) and (7) into (10), the internal pressure to cause the whole wall to yield is,
A special case is when the cylinder is fully autofrettaged, i.e. r a = r o which then gives m = k. The equivalent stress at any radius is then derived as, 
The values of pressure in (15) and (16) can be graphically represented in Figs. 3 and 4 , respectively. The levels of autofrettage can range from non-autofrettage to full autofrettage and the subsequent pressure limits can range from yielding on the inner surface to full yielding of the wall. The curves for partial autofrettage lie between the curves for non-autofrettage and full autofrettage, but these curves are omitted to maintain clarity of the graph. These comparisons show that, depending on the required amount of yielding during subsequent reloading of internal pressure, various levels of autofrettage can be beneficial or otherwise. From Fig. 3 , the internal pressure to cause yielding at the inner surface of a cylinder which is treated with optimum autofrettage pressure is greater than that for a non-treated cylinder. On the other hand, the internal pressure to cause full yielding in a cylinder which has been treated with optimum autofrettage is lower than that which is not treated with autofrettage, as in Fig. 4 . 
VI. PRESSURE LIMITATION OF OPTIMUM AUTOFRETTAGE CYLINDER
The relation between the optimum autofrettage pressure and the operating pressure can be obtained by dividing (14) by (12) The relation is shown in Fig. 5 where, for a given operating pressure (m), the optimum autofrettage pressure varies with the radius ratio (k). The magnitude of optimum autofrettage pressure seems to be largely sensitive to small values of radius ratio k. Values of k>3 does not influence significantly the optimum autofrettage pressure. 
VI. FINITE ELEMENT ANALYSIS
The autofrettage process may be simulated by finite element method, making use of elastic-plastic analysis. Using the ABAQUS axisymmetric element, a finite element model of a cylinder with an inside radius 100 mm, outside radius 200 mm and length 1600 mm was generated. The elastic-perfectly plastic material has the following properties: elastic modulus, E=203 GPa, Yield strength, σ Y =325 MPa and Poisson's ratio, ν=0.3.
An operating pressure of 130 MPa was specified. From the above analysis, the optimum autofrettage pressure was calculated to be 202 MPa. To verify the analytical results, the FEM simulation was made for ten different values of autofrettage pressure P a , ranging rom 160 -220 MPa. The autofrettage pressure was first applied to cause yielding at the bore of the cylinder wall. The pressure was then released, and the cylinder was then reloaded with various values of internal pressure. The results of the total stress distributions are shown in Figs. (6), (7) . Fig. (7) demonstrates the occurrence of optimum autofrettage condition where the maximum total equivalent stress is minimized. 
VII. DISCUSSION OF RESULTS
In elastic conditions, the FEM results obtained are exactly as solved by the Lame's equations. The elastic-plastic analysis was utilized when the cylinder was autofrettaged and when it was reloaded with the operating pressure. The results of total stresses between calculated and FEM show a very good correlation in form and magnitude (Fig. 6) . The results can be summarized by the bar chart in Fig. 8 . If a maximum limiting pressure is required, the cylinder need not be autofrettaged, in which case the limiting condition is that the whole wall will be yielded. If full autofrettage is carried out a single value of a limiting pressure will cause yielding at the inner surface and through the wall thickness. Optimum autofrettage is suitable if the maximum equivalent stress at the elastic-plastic juncture is to be minimized.
